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Abstract 
 
The Blasius empirical correlation for turbulent pipe friction factors is derived from 
first principles and extended to non-Newtonian power law fluids. Two alternative 
formulations are obtained that both correlate well with the experimental 
measurements of Dodge, Bogue and Yoo. 
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1 Introduction 
 
In a previous paper (Trinh, 2010a) logarithmic correlations for turbulent pipe flow of 
Ostwald de Waele fluids have been derived from a master curve for instantaneous 
friction factors (Trinh, 2009a). Blasius (1913) has also proposed an empirical power 
law correlation 
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where ( )µρDV=Re  is the Reynolds number, D  the pipe diameter, ρ  the fluid 
density, V  the average velocity, µ  the fluid viscosity and wτ  the time-averaged wall 
shear stress. Nikuradse (1932) proposed that the Blasius correlation corresponds with 
a power law representation of the velocity profile 
( )pyAU ++ =  (2) 
where the exponent p is a function of the Reynolds number, y  is the radial distance 
from the wall, *uUU =
+  and νµρ ** yuyuy ==
+  have been normalised with the 
friction velocity ρτwu =* . An alternative form of the power law profile is 
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Nikuradse (op.cit.) and Prandtl (1935) also proposed an alternative representation of 
the velocity profile 
55y52U .ln. += ++  (4) 
Where At  the wall Prandtl postulated the existence of a laminar sub-layer described 
by 
++ = yU  (5) 
which applies up to 5y ≤+ . There is a long and on-going debate as to whether the 
power law represented by equation (2) or the so called logarithmic law of the wall, log 
law in short, best describes experimental measurements of velocity profiles in 
turbulent flow e.g. (McKeon et al., 2004). 
 
Dodge and Metzner (1959) have extended the Blasius correlation to purely viscous 
non-Newtonian fluids 
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Is called the Metzner-Reed (1955)generalised Reynolds number and the rheological 
parameters nK ′′,  are defined by the laminar equation 
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For Ostwald de Waele power law fluids 
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In this paper, we will derive the Blasius and Dodge-Metzner empirical equations from 
theoretical considerations. 
 
2 Theory 
 
There are two possible ways to derive a power law relationship for non-Newtonian 
fluids which must of course also apply to Newtonian fluids when 1n = . 
 
2.1 Extension of the Blasius empirical correlation 
 
In this approach we begin with the observation that all pipe friction factors can be 
described by a unique master curve when expressed in terms of the critical 
instantaneous shear stress (critical shear stress for short) at the point of bursting in the 
wall layer process (Trinh, 2009a). The Blasius correlation can then be written as: 
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are the friction factor and Reynolds number based on the critical instantaneous wall 
shear stress eτ . For high Reynolds numbers, the wall layer is thin (Trinh, 2009b) and the 
radius of curvature neglected. Then 
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Substituting equations (13) and (14) into (10) gives 
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2.2 Matching the power law profile with the wall layer 
 
The most glaring weakness of the power law velocity profile is its infinite gradient at 
the wall which is physically unrealistic. The problem can be circumvented by 
observing that the ejections of wall fluids that begin outside the wall layer at a time 
averaged distance 30y =+  which is the time-averaged value of the wall layer 
thickness νδ . We force equation (3) through the edge of the wall layer 
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We use the value 71p =  to keep in the same range of Reynolds number as the 
Blasius equation. Substituting for  
f
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and  
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and rearranging 
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The power index for the Reynolds number in equations (15) and (20) are the same 
which is to be expected. But now 
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The ratio φ  can be calculated by integrating equation (3) 
( )( ) 81702p1p
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=φ  (22) 
 
The problem boils down to the an estimate of ++ νν δandU . For a Newtonian fluid, 
1n = , these values are well known (Trinh, 2009b, Trinh, 2010b): 864.=+νδ , 
5815U .=+ν . Then 07870.=′α .  
 
For large Reynolds numbers, the wall layer thickness is thin compared to the pipe 
radius ++ << Rνδ , the radius of curvature can be neglected and the wall layer can be 
analysed like a viscous sub-layer on a flat plate (Trinh, 2009a). Then the wall layer 
thickness and velocity are given as  
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3 Results and discussion 
 
The derivations presented here have been compared with the experimental of Dodge 
(1959), Bogue (1962) and Yoo (1974). The values of α  estimated from equations 
(16) and (25) differ by approximately 1%. An example using equation (16) is shown 
in Figure 1 
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Figure 1 Comparison of predictions from equation (15 and 16) with measured friction 
factors. Data of Dodge (1959) Bogue (1962) and Yoo (1974). 
 
Equations (15) and (20) both correlate 269 data points with a standard deviation of 
about 4.9% and a standard error of 0.03%. A comparison between the measured 
friction factors with the predictions by equation (15) is shown in Figure 2. 
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Figure 2  Comparison of measured friction factors and with calculation from equation 
(15). Same data as Figure 1. 
 
However, Blasius type correlations tend to underestimate the experimental data for 
5
g 10>Re  and overestimate them for 4000g <Re . This is shown more clearly in 
Figure 3. Thus the low standard errors give a slightly distorted view of prediction 
accuracy. 
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Figure 3  Effect of Reynolds number on the prediction of friction factors using 
equation (15). 
While the predictions of friction factors from the extended Blasius correlation of 
Dodge-Metzner and in this work are similar, the dependence of  α  and β  on n  are 
quite different as seen in Figure 4. 
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Figure 4 Comparison between experimental values of  βα ,  of Dodge and equation 
(15). 
 
The variations of α  and β  in this work are much stronger, especially at small values 
of n . The relation between p  and β  can be formally established (Skelland, 1967, 
Trinh, 1992, Trinh, 2009b). Equation (15) can be solved for V  as 
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Solving for V  
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Equation (3) is rearranged as 
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Substituting for V  from (27) 
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Within the wall layer, the velocity distribution is independent of the radius (Trinh, 
2009b, Skelland and Sampson, 1973) which corresponds to a zero exponent for R . 
Then 
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In the particular case when 71p = , equation (32) gives 
1n3
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as shown in equations (15) and (20). In fact the index p  can be further expressed in 
terms of the Reynolds number by matching the logarithmic and power law 
correlations of the velocity profile (Trinh, 1992, Trinh, 2009b). This approach makes 
extends the range of application of Blasius type correlations to a larger range of 
Reynolds number. Details will be presented in a separate paper. 
 
4 Conclusion 
 
The Blasius empirical correlation has been successfully developed and extended to 
power law non-Newtonian fluids from theoretical considerations. 
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